The concept of convexity plays an important role in the classical geometry of normed spaces and it is frequently used in several branches of nonlinear analysis. In recent years some papers that contain generalizations of the concept of convexity with the help of the measures of noncompactness have appeared. The Tauberian operators were introduced by Kalton and Wilansky (1976) and they appear in the literature with the aim of responding to some questions related with the summability and the factorization of operators; in the preservation by isomorphisms in Banach spaces, and so forth. In this paper we make the study of the Tauberian operators, not starting from the Euclidean distance, but by means of general set quantities.
Introduction
The concept of convexity plays an important role in the classical geometry of normed spaces. It is frequently used in the metric fixed point theory and other branches of nonlinear analysis [6, 8, 9, 11, 13] .
In recent years there have appeared some papers that contain generalizations of the concept of convexity with the help of the measures of noncompactness [3, 12, 13] . Recently, Cabrera [7] has introduced the concept of weak near uniform convexity using the De Blasi measure of weak noncompactness [10] .
In order to recall this concept we introduce some notation. Assume that (E, · ) is an infinite-dimensional Banach space with the zero element θ. Denote by B E and S E the closed unit ball and the unit sphere in E, respectively. For a subset X of E we denote by conv X the convex hull and by Conv X the convex closed hull of X.
Moreover, if we assume that X is a nonempty and bounded set in E then the quantity χ(X) defined in the following way: χ(X) = inf{ > 0 : there exists a compact set Y such that X ⊂ Y + B E } is called the Hausdorff measure of noncompactness of the set X.
For the properties of the function χ we refer to [4] . We recall the concept of the De Blasi measure of weak noncompactness.
Let X be a nonempty and bounded set in E. The quantity β(X) defined in the following way: β(X) = inf{ > 0 : there is a weakly compact set Y such that X ⊂ Y + B E } is called the De Blasi measure of weak noncompactness in the space E. Observe that in the case when E is reflexive, we have that β(X) = 0 for every nonempty and bounded set X in E. We refer to [5] for more details.
We only mention that β(X) ≤ χ(X) for any nonempty and bounded set X in E. The family of all nonempty and bounded subsets of E will be denoted by P b (E). For C, D ∈ P b (E) we consider the Hausdorff nonsymmetric distance defined in the following way:
The Hausdorff distance between C and D is defined as
Observe the function H is a metric on the family P bc (E) where
In what follows, let ᏺ be a nonempty subfamily of P b (E). Consider two real functions defined on the family P b (E) in the following way:
For further goals we recall the function H ᏺ was considered in [5] on a complete metric space S. The main result which appears in [5] is formulated in the following proposition. Proposition 1.1. Let N be a nonempty subfamily of P b (S) satisfying the condition
(1.5)
Then for every C ∈ P b (S) the following equality holds:
If ᏺ is the family of all nonempty and relatively compact subsets of E, then H ᏺ coincides with the measure of noncompactness of Hausdorff, χ.
And if ᏺ is the family of all nonempty and relatively weakly compact subsets of E, then H ᏺ coincides with the measure of weak noncompactness of De Blasi, β.
is said to be a set quantity if it satisfies the following conditions for C, D ∈ P b (E) and λ ∈ :
From this definition it is easily seen that µ satisfies:
The family ker µ is defined in the usual way as ker µ = {C ∈ P b (E) : µ(C) = 0} and will be called the kernel of the quantity µ.
When ker µ is the collection of all nonempty and relatively compact subsets of E then µ is referred to as a measure of noncompactness. In the case when ker µ is the family of all nonempty and relatively weakly compact subsets of E we will say that µ is a measure of weak noncompactness. So, χ and β are two particular examples of set quantities.
where µ is a set quantity and F (f,
Similarly we define the next concept.
Now, we give the following definition.
Notice that µ-UC ⇒ µ-LUC ⇒ µ-SC.
µ-Tauberian operators
The Tauberian operators were introduced by Kalton and Wilansky in [15] and they appear in the literature with the objective of responding to a group of questions related with the addition [18] and the factorization of operators [9] ; in the preservation for isomorphisms in Banach spaces, and so forth. In [15, Theorem 2.2] they characterized the Tauberian operators in the following way and this will be our starting point: An operator T ∈ ᏸ(E, F ) is said to be Tauberian and we will denote it by T ∈ τ (E,F ), if for any C ∈ P b (E) with T (C) relatively weakly compact, one has that C is relatively weakly compact.
Next we generalize this definition with the help of a set quantity µ and we will obtain the µ-Tauberian operators.
More concretely, one has the following definition.
where µ is a set quantity, and we will denote it by T ∈ τ µ (E, F ), if for any C ∈ P b (E) with T (C) relatively weakly compact one has that C ∈ Ker µ.
In the following proposition we will see how weakly compact disturbs preserve the µ-Tauberian operators, in the same way that in the standard case of Tauberian operators.
Proof. Let C be a nonempty and bounded set of E and consider that (T +K)(C) is relatively weakly compact. As K is a weakly compact operator, K(C) will be relatively weakly compact and as T (C) ⊂ (T + K)(C) − K(C), keeping in mind the properties of the De Blasi measure of weak noncompactness, one will have that β(T (C)) ≤ β((T + K)(C)) + β(K(C)) = 0 and consequently, T (C) is relatively weakly compact. Taking into account that T ∈ τ µ (E, F ), then C ∈ Ker µ. This completes the proof.
One of the most interesting properties in the Tauberian operators is that their kernels are reflexive. We show some relationships with this fact.
In [7] , it is proved that for the set quantity β, De Blasi measure of weak noncompactness, the class of the β-UC spaces and the class of the β-LUC spaces coincide with the class of the reflexive ones. Take into account that the class of the reflexive spaces in fact coincides with the class of the Banach spaces for those that the De Blasi measure of weak noncompactness is null.
On the other hand, to keep in mind that set quantities exist for which Banach spaces of infinite dimension do not exist in those that this quantity is null. Take as example the set quantity χ , the Hausdorff measure of noncompactness that is only null in the finite-dimensional spaces. And more ahead we will see that the fact that a set quantity is not null in infinite-dimensional Banach spaces will be fundamental for our development.
Recapturing the question that concerns us again and keeping in mind what was said previously, the property that the kernels of Tauberian operators are reflexive that is, if T is a Tauberian operator from E into F , then its kernel Ker T is a space for which the quantity β is null. This means, in particular that Ker T is a β-LUC space.
Theorem 2.3. If T is a µ-Tauberian operator from E into F , then Ker T is a Banach space for which the quantity µ is null and, therefore, it is a µ-UC space.
Proof. Suppose that T ∈ τ µ (E, F ) and let A be a nonempty and bounded set of the kernel of T . As A ⊂ Ker T , then T (A) = 0, that is to say that T (A) is relatively weakly compact. As T is µ-Tauberian, A ∈ Ker µ, that is, µ(A) = 0. Therefore, the quantity µ is null in Ker T . This completes the proof.
This theorem already has as corollary the result acquaintance for the Tauberian operators and mentioned previously.
The test is immediate, because it is enough to keep in mind that the spaces for those that the De Blasi measure of weak noncompactness is null they are the reflexive ones.
To notice that if µ is a set quantity for which Banach spaces of infinite dimension in those it is not null do not exist, we have the following corollary to Theorem 2.3.
Corollary 2.5. Let µ be a set quantity for which there are no Banach spaces of infinite dimension in those it is null and let T be a µ-Tauberian operator from E into F . Then Ker T is of finite dimension.
In particular, as the Hausdorff measure of noncompactness χ verifies the hypothesis of the preceding corollary, we have the following corollary. For the following result, we will demand some additional condition to the set quantity µ.
This way, we will give the following necessary definition to continue this development.
Definition 2.7. Let E be a set and Ꮽ a family of subsets of E. We will say that Ꮽ is sequentially determined, if for each A ⊂ E, it is verified that A ∈ Ꮽ if and only if for any sequence (x n ) ⊂ A, the set {x n : n ∈ N} ∈ Ꮽ.
Examples of sequentially determined families are that of the relatively compact sets and that of the relatively weakly compact ones of a Banach space E. Definition 2.8. Let T be a linear and continuous operator between two Banach spaces E and F , that is to say, T ∈ ᏸ(E, F ). We define the µ-variation of T and we indicate it as µ(T ), as the number µ(T ) = µ (T (B E ) ).
With the following result we will obtain an algebraic characterization of the µ-Tauberian operators. Suppose that T : E → F verifies that for each Banach space G and an operator L : G → X such that T •L is weakly compact, then L has null µ-variation. If T is not µ-Tauberian, this means that A ∈ P b (E) exists, with T (A) relatively weakly compact and A / ∈ Ker µ. As the set quantity µ verifies that its kernel Ker µ is sequentially determined then there exists (x n ) ⊂ A and {x n : n ∈ N} / ∈ Ker µ. Consider the operator L : l 1 → X : L(e n ) = x n . Then, as (T •L)(e n ) ⊂ T (A), (T (A) ), where a Conv X denotes the absolutely convex hull of T (A) that is relatively weakly compact because T (A) is. Therefore, T •L is weakly compact and, from our hypothesis, µ(L(B 1 1 )) = 0. On the other hand, as {x n : n ∈ N } ⊂ L(B 1 1 ) and {x n : n ∈ N} / ∈ Ker µ it will be that µ (L(B 1  1 ) ) > 0, which is absurd.
In particular, as the Tauberian operators are in fact the β-Tauberian, and as the family of the relatively weakly compact ones is sequentially determined, one can obtain the following result as a corollary of this theorem and that appeared in [11, Corollary 1.6] .
Corollary 2.10. An operator T : E → F is Tauberian if and only if given a Banach space G and an operator L : G → E that it verifies that T •L is weakly compact, then T is weakly compact.
Maybe one of the main reasons for the study of the Tauberian operators was the inheritance of isomorphic properties of the Banach spaces. This way, we have that if T : E → F is a Tauberian operator and F has the property of reflexivity (quasi-reflexivity, weak sequentially complete, etc.), then E also possesses it.
In our context of µ-Tauberian operators we have, in certain measure, some homologous properties and, for it, it is necessary to keep in mind that the reflexive spaces are those for which the De Blasi measure is null. This way, we have the following result.
Proof. Let A be a nonempty and bounded set of E. Then, as F is reflexive, T (A) will be, when being bounded, relatively weakly compact. Taking into acount that T is µ-Tauberian, it will be that A ∈ Ker µ. Consequently, µ is null in E, like we wanted to prove.
In particular, if we apply this theorem to the set quantity β, we already obtain the well-known result of the classic Tauberian operators. More concretely, one has the following result. Take into account that if for the set quantity µ there are no infinite-dimensional spaces for which µ is null. Suppose that µ is only null in finite-dimensional spaces, Theorem 2.11 allows us to obtain the following corollary.
Corollary 2.13. Let E and F be real Banach spaces of dimension infinity and suppose that µ is not null in infinite-dimensional spaces and that F is reflexive. Then, µ-Tauberian operators do not exist from E into F . That is to say, τ µ (E, F ) = ∅.
In particular, if we take the Hausdorff measure of noncompactness, one has the following corollary. Under the hypothesis that the relatively weakly compact sets are contained in Ker µ, one has the following corollary. Also, for Theorem 2.11, we have the following consequence.
Corollary 2. 16 . If E is a Banach space for which the set quantity µ is not null, then any f ∈ E * is not µ-Tauberian.
As an example, we will study the set τ µ (l ∞ , c 0 ), but before we will recall the following theorem of James [14] :
Definition 2.17. A set quantity µ defined on a Banach space E is said to be cantorian if for any decreasing sequence (A n ) of nonempty sets of E, bounded and closed so that lim n→∞ µ(A n ) = 0 then ∞ 1 A n = ∅.
In [17] , it is proven that all operators T : L ∞ → c 0 are weakly compact. Taking this fact into account, we will prove the following result. Proof. Suppose that T ∈ τ µ (l ∞ , c 0 ). For the result mentioned above, T is weakly compact, that is, for any A ∈ P b (l ∞ ), T (A) is relatively weakly compact. As T is µ-Tauberian, A ∈ Ker µ and, as a consequence, the set quantity µ is null on l ∞ . Therefore, in particular, l ∞ is µ-LUC.
Taking into account the theorem of James, like µ is a cantorian set quantity, it would be that l ∞ is reflexive, which is absurd. Therefore τ µ (l ∞ , c 0 ) = ∅. Theorem 2.18 generalizes the well-known result that there is no Tauberian operator from l ∞ into c 0 , because the De Blasi measure of weak noncompactness is cantorian.
More concretely, we have the following corollary.
Corollary 2.19. There is no Tauberian operator from l ∞ into c 0 .
A fact also fundamental in the theory of Tauberian operators is that if T * * is Tauberian, then T is Tauberian, but the converse implication is not verified [1] . We will see that this result is also completed in the context of the µ-Tauberian operators, although with certain restrictions for the set quantity µ. Definition 2.20. A set quantity µ is said to be equivalent by isometries if for any isometry I : E → F there are two constants k and k that depend on the isometry so that for any C ∈ P b (E) it is verified that kµ(C) ≤ µ(I (C)) ≤ k µ(C).
Theorem 2.21. Suppose that the set quantity µ is equivalent for isometries. If T * * is µ-Tauberian, then T is µ-Tauberian.
Proof. Consider the following commutative diagram: where i is the canonical map from a space into its bidual and suppose T * * is Tauberian.
Let A ∈ P b (E) and T (A) be relatively weakly compact. As every linear and continuous operator transforms relatively weakly compact sets into relatively weakly compact sets, then i(T (A)) is relatively weakly compact. By virtue of the commutative law of the previous diagram, T * * (i(A)) is relatively weakly compact. As T * * is µ-Tauberian, then i(A) ∈ Ker µ. Taking into account the hypothesis that the quantity µ is equivalent for isometries, then A ∈ Ker µ and, as a consequence, T is µ-Tauberian.
It is necessary to notice that the result for the classic Tauberian operators, one cannot deduce as a corollary of Theorem 2.21, since as Astala and Tylli proved [2] , the De Blasi measure of weak noncompactness is not equivalent for isometries. Nevertheless, to notice that in Theorem 2.21, the essential thing is that the Ker a is preserved by isometries, or in equivalent form, µ ∈ Ker µ ⇔ I (A) ∈ Ker µ for any isometry I . Thus, this would be the enough hypothesis for Theorem 2.21. This hypothesis is verified for the De Blasi measure of weak noncompactness, by virtue of the call approach of Eberdin [16, page 159 ].
